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Abstract
A familyF of k-subsets of an n-set X is disjoint union-free (DUF) if all disjoint pairs of elements ofF have distinct unions; that
is, if for every A,B,C,D ∈ F, A ∩ B = C ∩ D = ∅ and A ∪ B = C ∪ D implies {A,B} = {C,D}. DUF families of maximum
size have been studied by Erdös and Füredi. LetF be DUF with the property thatF ∪ {E} is not DUF for any k-subset E of X not
already inF. ThenF is maximally DUF. We introduce the problem of ﬁnding the minimum size of maximally DUF families and
provide bounds on this quantity for k = 3.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Let nk be positive integers, and let X be an n-set. Let
(
X
k
)
denote the set of all
(
n
k
)
k-subsets of X. A set
F ⊂
(
X
k
)
is disjoint union-free (DUF) if all disjoint pairs of elements ofF have distinct unions; that is, if for every
A,B,C,D ∈ F, A ∩ B = C ∩ D = ∅ and A ∪ B = C ∪ D implies {A,B} = {C,D}. (Should this implication fail,
we say A,B,C,D form a ‘forbidden union’.) For ﬁxed n and k3 the maximum size of such a familyF has been
studied by Erdös in [1] and Füredi in [3]. In the latter paper Füredi established a strict upper bound of 72
(
n
k−1
)
for this
maximum size and conjectured that asymptotically the maximum size is at most
(
n
k−1
)
.
We sayF is maximally DUF ifF is DUF andF ∪ {E} is not DUF for any E ∈
(
X
k
)
\F. Here, we consider the
following problem: given n and k, determine the minimum value of |F|, where F ⊂
(
X
k
)
is maximally DUF. For
k = 3, let (n) denote this minimum. We give examples and obtain bounds on (n). The following main theorem is a
consequence of Theorem 3 and Corollary 6.
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Theorem 1.
lim
n→∞
(n)
n2
= 1
12
.
The quantity sat(n,H) has been used by Erdös, Füredi and others [2] to denote the minimum size of a maximally
H-free k-uniform hypergraph on n vertices for any forbidden k-uniform hypergraph H. Here we use the notation
satk(n,H) to make the cardinality of the hyperedges explicit. In this context, (n) = sat3(n,D3), where Dk is the
forbidden union in a k-uniform hypergraph. The forbidden union D3 is formed by four hyperedges in a 3-uniform
hypergraph.
It is a result of Ollmann [4] that
sat2(n,D2) =
⌊
3n − 5
2
⌋
for n5,
whereD2 is the 4-cycleC4 for ordinary graphs. To reiterate themain theorem,we establish here that(n)=sat3(n,D3)=
n2
12 + O(n).
Of course, (n) = (n3 ) for n5, since the existence of two disjoint sets in X requires |X|6.
Suppose n=6 and X={1, ..., 6}. Since any forbidden union uses exactly six points,F ⊂
(
X
3
)
is DUF if and only if
there exists at most one pair {A,B} of disjoint sets inF. So it is easy to see that the smallest maximally DUF families
are of the form E ∪ {A}, where E contains exactly one set from each of the 10 classes of some resolution of
(
X
3
)
, and
A is some additional element of
(
X
3
)
. One example is the family
(
X\{6}
3
)
∪ {{1, 2, 6}}. It follows that (6) = 11.
Now suppose n=7 withX={1, ..., 7}. It is straightforward to check (for instance by running over all seven 6-subsets
of X) that the following family is maximally DUF:
F= {{1, 2, 3}, {1, 2, 6}, {1, 3, 4}, {1, 5, 7}, {2, 3, 7}, {2, 4, 5},
{3, 5, 6}, {4, 5, 6}, {4, 5, 7}, {4, 6, 7}, {5, 6, 7}}.
So (7)11. It is interesting that this shows (n) is not strictly increasing for n3. However, it seems reasonable
that (n) is strictly increasing for sufﬁciently large n.
2. A lower bound
Our starting point is a well-known result due to Mantel in 1907.
Lemma 2. The maximum number of edges in a triangle-free graph on n vertices is 	n24 
.
For T ∈
(
X
2
)
, deﬁne F(T ) = {A\T : T ⊂ A ∈F}. ThenF ⊂
(
X
3
)
is DUF if and only if |F(S) ∩ F(T )|2
implies that S and T intersect. This deﬁnition, together with the above result, leads to a simple lower bound on (n).
Theorem 3. (n) n212 − n6 .
Proof. Suppose F is a DUF family on point set X with 3|F|< (n2 ) − 	n24 
. Deﬁne the graph G with vertex set X
and with xy ∈ E(G) if and only if F({x, y}) = ∅. By assumption, there are more than 	n24 
 edges in G. It follows
from Lemma 2 that G contains a triangle, say on points A = {x, y, z}. We claim F ∪ {x, y, z} is DUF. If not, say
A ∪ B = C ∪ D, with A ∩ B = C ∩ D = ∅. Then some pair T ∈
(
A
2
)
must appear as a subset of either C or D,
contradicting F(T ) = ∅. So (n) 13 (
(
n
2
) − 	n24 
) n212 − n6 . 
Consider the graph G in the proof of Theorem 3. A DUF family may fail to be maximal even if G is triangle-free.
A Steiner triple system, or STS, is a pair (X,B), where X is a set andB ⊂
(
X
3
)
is such that any two distinct elements
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of X are together in exactly one element of B. STSs exist if and only if |X| ≡ 1 or 3 (mod 6). Now supposeF =B
where (X,B) is an STS. Since |F({x, y})| = 1 for all {x, y} ∈
(
X
2
)
,F is DUF, but not maximally DUF (for n> 3)
since adding a new triple toF does not even yield two disjoint pairs. In this case, G = Kn is the empty graph.
A careful study should be made of the sets {A\{x} : x ∈ A ∈ F}, {B\{y} : y ∈ B ∈ F}, for each {x, y} ∈
(
X
2
)
having |F({x, y})|2. More appropriate restrictions on these sets will likely lead to an improvement in the linear
term of the lower bound in Theorem 3.
3. An upper bound
We begin by recording an easy observation.
Lemma 4. IfF ⊂
(
X
3
)
is DUF, then (n) |F| + m, where m = |{E ∈
(
X
3
)
\F :F ∪ {E} is DUF }|.
The following theorem provides a construction of small maximally DUF families.
Theorem 5. Suppose n ≡ 4, 8 (mod 12). Then (n) 112n2 + 4n − 403 .
Proof. Let X = {a1, a2} ∪ X1 ∪ X2, where |X1| = |X2| = n−22 ≡ 1, 3 (mod 6). Let ui ∈ Xi , i = 1, 2. Deﬁne
F=B1 ∪B2 ∪ {{a1, a2, x} : x ∈ X1 ∪ X2} ∪ {{ai, ui, y} : y ∈ Xi\{ui}, i = 1, 2},
where (Xi,Bi ), are STS. It is simple to check that
|F| = 2 · 1
6
· n − 2
2
· n − 4
2
+ n − 2 + n − 4
= n
2 + 18n − 64
12
. (1)
We claim thatF is DUF. If not, there are disjoint pairs S, T ∈
(
X
2
)
with |F(S)∩ F(T )|2. By construction, each
of S and T must intersect the set {a1, a2, u1, u2}. If, say, S = {a1, a2}, and T = {u1, x}, then T is covered exactly twice
inF and a1 ∈ F(T ) but a1 /∈ F(S), a contradiction. For the same reason, we cannot have S ={a1, u1}, T ={a2, x},
x ∈ X2\{u2}, or S = {a1, x}, T = {u1, y}, x, y ∈ X1\{u1}. If S = {a1, u1} and T = {u2, x}, x ∈ X2\{u2}, then we
require F(T )={a2, z} ⊂ {a2} ∪X1\{u1}= F(S), where z is the third point inB2 of T. But z ∈ X2, a contradiction.
Other cases are similar.
Now consider {x, y, z} ∈
(
X1∪X2
3
)
\F with, say, {x, y} ∈ X1. Take {x, y,w} ∈ B1. Together with {a1, a2, w}
and {a1, a2, z}, these four triples form a forbidden union inF ∪ {{x, y, z}}. So ifF ∪ {E} is DUF, it must be that E
contains exactly one of a1, a2. By symmetry, we can assume E = {a1, x, y}, where x, y ∈ X1 ∪ X2. Suppose ﬁrst that
x, y ∈ X1\{u1} are such that {x, y, u1} /∈B1. Take {x, y, z}, {u1, z, w} ∈ B1. These two blocks, withE and {a1, u1, w},
form a forbidden union inF ∪ {E}. Now suppose x ∈ X1and y ∈ X2\{u2}. Take {u2, y, z} ∈ B2. This, together with
E, {a1, a2, x} and {a2, u2, z}, forms a forbidden union in F ∪ {E}. Finally, suppose x, y ∈ X2\{u2}. First, assume
{x, y, u2} /∈B2. Take {x, y, z} ∈ B2. This, with E, {a1, a2, u2} and {a2, u2, z}, forms a forbidden union inF ∪ {E}.
Now assume {x, y, u2} ∈ B2. Let w ∈ X2\{x, y, u2}. Then {a2, u2, w}, {a1, a2, w}, {x, y, u2}, and E form a forbidden
union.
From the remaining cases, if F ∪ {E} is DUF, we must have either E = {ai, x, y}, where {ui, x, y} ∈ Bi , or
{ai, uj } ⊂ E for {i, j} = {1, 2}. Let the set of these triples be E. Since each point in a STS (X,B) belongs to
(|X| − 1)/2 triples, it follows that
|E| = 2 · 1
2
[
n − 2
2
− 1
]
+ 2(n − 3) = 5n
2
− 8.
By Lemma 4, we have (n) |F| + |E|, which by (1) is the required bound. 
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In the construction above, consider extending X by a few new points to obtain X′, and adding triples toF through
points in X′\X. Recall {a1, a2, x} ∈ F for every x ∈ X1 ∪ X2. It follows that in any DUF extension ofF, no two
intersecting pairs S, T ∈
(
X1∪X2
2
)
can appear in triples with the same point in X′\X. Therefore, neglecting a linear
term, our upper bound on (n) is true for all n.
Corollary 6. (n) 112n2 + O(n).
For arbitrary k-uniform hypergraphsH, the conjecture [2]
satk(n,H)O(nk−1)
remains open, even for the case k=3. In light of this,wenote that a studyof the existence or value of limn→∞ satk(n,Dk)/
nk−1 may prove interesting for k4.
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